BOURGIN-YANG VERSIONS OF THE BORSUK-ULAM THEOREM FOR 

p-TORAL GROUPS. 



WACLAW MARZANTOWICZi, DENISE DE MATTOS^, 
EDIVALDO L. DOS SANTOS^ 



Abstract. Let G = be the p-torus of rank fc, p a prime, or respectively G = T'^ = (S^)'' 
be a /c-dimcnsional torus and let V and W be orthogonal representations of G with V'~^ = 
= {0}. Let S{V) be the sphere of V and suppose / : S{V) — > is a G-equivariant 
mapping. We give an estimate for the dimension of the set Zf = /^^{O} in terms of dimF 
and dim W. This extends the Bourgin-Yang version of the Borsuk-Ulam theorem onto this 
class of groups. Also we provide a sufficient and necessary condition for the existence of 
equivariant map between spheres of two orthogonal representations of such a group. Finally, 
we show that for any p-toral group G and a G-map / : S(V) — > W, with dim V = oo and 
dimVF < cx), we have dim Zf = oo. 



1. Introduction 

Let G be a compact Lie group and let V, W be two orthogonal representations of G such 
that V'^ = W'^ = {0} for the sets of fixed points of G. Let / : S{V) W he & G-equivariant 
mapping. By Zf, we denote the set 

Zf:={veS{V)\f{v) = 0}. 

The problem of estimating the covering dimension of the set Zf was considered firstly by 
C. T. Yang [121120] and (independently) D. G. Bourgin [S] for the case G = Z2. Specifically 
they proved that for a Z2-equivariant mapping / from the unit sphere S'(M") in into 
M™, where the Euclidean spaces are considered as representations of Z2 with the antipodal 
action, 

dim Zf>n — m — l, 

where dim is the covering dimension. Consequently, it generalized the classical Borsuk-Ulam 
theorem. In [H], Dold extended the Bourgin-Yang problem to a fibre- wise setting, giving an 
estimate for the set Zf = /~^{0}, where tt : E ^ B and tt' : E' ^ B are vector bundles 
and / : S{E) G E ^ E' is a. Z2-map, which preserve fibres (tt' o / = vr). In [11] and [15] 
this problem was considered for the case of the cyclic group G = Zp (p prime), and in [H] 
for bundles E ^ B whose fibre has the same cohomology (mod p) of a product of spheres. 
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In all these cases, if i? is a single point, Bourgin-Yang versions of the Borsuk-Ulam theorem 
are obtained for G = Zp, with p prime. 

Recently, in [13] the authors considered the Bourgin-Yang problem for the case that G is 
a cyclic group of a prime power order, G = Zpk, k > 1. Using the result of pQ they proved 
the following theorem [131 Theorem 1.1]: 

Let V, W be two orthogonal representations of the cyclic group Zpk and f : ^(V") W an 
equivariant map. Then, the covering dimension dim(Zj) = dim[Zf/G) > (f){V,W), where (f) 
is a function depending on dim V , dim W and the orders of the orbits of actions on SiV) 
and S{W) (cf. [131 Theorems 3.6 and 3.9]^. In particular, if dimW < dimV / p^'^ , then 
(/)(V, W) > 0, which means that there is no G-equivariant map from S{V) into S{W). 

In this paper we study the Bourgin-Yang problem for groups G = the p-torus of rank 
k, p a. prime, and G = = (S^)'' the A;- dimensional torus respectively. Also, we provide a 
sufficient and necessary condition for the existence of an equivariant map between spheres of 
two orthogonal representations of such groups. Finally, we show that for any p-toral group 
G and a G-map / : S{V) W, with dimV^ = oo and dimVT < oo, we have dim Zf = oo. 

The plan of the paper is as follows. In Section [21 we consider the case G = Zp, the p-torus 
of rank k, p a prime. In Theorem 12.31 we give an estimate of the covering dimension of the 

set 

zf- := {v e S{V^-) I f^'^iv) = 0, with f^" = f\siv«c.) : S{V^") W^'^} 

= ZfnS{V^"), 

for every maximal isotropy group C G of the action on S{V). In Theorem 12.51 ^6 
provide a necessary and sufficient condition for the existence of a Z^ -equivariant map / : 
S{V) S{W). Theorem 122] states that for any Zj-map / : S{V) W, with diml^ = oo 
and dimH^ < oo, we have dim Zf = oo. Using the length index of a G-space with respect 
to an equivariant cohomology theory (cf. [3]) and the Borel localization theorem we finalize 
this section proving Theorem 12.71 which is the correspondent Bourgin-Yang theorem for the 
p-torus. In Section [31 considering G = T'^ = (S^)'', the fc-dimensional torus, the first main 
result is Theorem 13.71 describing an obstruction for the existence of S'^-equivariant map 
between the spheres of two orthogonal representations of S^. As a consequence of Theorem 
13.71 we obtain Theorem 13.101 which is the version of the Bourgin-Yang theorem for the 
torus and which also provides a necessary and sufficient condition for the existence of a 
T*^- equivariant map between spheres of orthogonal representations of the torus. Theorems 
1312] and [313] state that for any {S^)''-map f : S(y) W, k > 1, with dimV" = oo and 
dimly < oo, we have dimZj = oo. In Section [H we have Theorem 14.21 [Characterization of 
p-toral groups] as main result, which shows that Theorems 12.61 and 13.131 can be extended on 
a larger class of groups called p-toral. 

Next, we recall some results and fix some notations. For G = Z^', with p odd, and G = 
every nontrivial irreducible orthogonal representation is even dimensional and admits the 
complex structure ([IB]), thus V and W admit it too. Put d(y) = dime 1^ = |dimKl/, and 
correspondingly d(W) = dime = ^dimigiy, are integral numerical invariants of V, and 
respectively of W. If G = Zg and V,W are orthogonal representations of G, then we put 
d{V) = dimjg V , and respectively d(W) = dim^ W. For a G space X with X*^ = 0, let 
H = Gx, X G X he a maximal isotropy subgroup in X. Since G is abelian, the set X" = X(^) 
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is an G-invariant closed subset of X. Moreover, the action of G on X factorizes through 
the induced action of K := G/H. 

2. Case of G being a p-torus 

Now, let us take X = S{V), where V is an orthogonal representation of G = Zj, or 
G = Zp, with odd p, such that V'^ = {0}. In the later case, V admits a complex structure. 
Let 

(1) V = (BLVa = (BV'', \/":=LK 

a a 

be the decomposition of V into multiplies of irreducible representations of G. Note that 
every irreducible representation Va of G = Zg is given by a homomorphism : G — t- Z2 = 
0(1) = = S{M.), and correspondingly, every irreducible representation of G = Z^ is given 
by a homomorphism '■ G ^ Zp C = S{C). Observe that Ha = ker^^ is a group of 
rank — 1 in G, i.e. it is isomorphic to Z2~^, or Z^"^, respectively. In other words, each Ha 
is a maximal subgroup of G. 

Furthermore, we have V"' C V^"", and for a maximal isotropy group H = Ha, 

where the summation is over all representations appearing in V, with the kernel equal to Ha- 
Since all Ha are maximal subgroups, not only as the isotropy subgroups, but as subgroups 
of G different from G, (i.e., of co-rank 1), the linear subspaces 

yH^, n = {0} , 

because V^''^ nV^"^ = V^^"^'^"^) ^ where [Ha^-iHa^) is the subgroup generated by Ha^ and 
Ha2- But, the latter is equal to G, thus Yi^<^i^^-^2) = V'^ = {0}, and these two spaces are 
orthogonal, since the action is orthogonal. 

Grouping all such irreducible representations in one term, we can rewrite (P ) as 

(2) V = ®laVa = ®V'' = ®V'' , 

a a H 

where the summation is taken over all maximal isotropy groups H, thus H = Ha, for some 
U Consequently, dim^ = ^ if G = Z^, and dim^ = 2 ^ if G = Z^. 

H,3=H Hp=H 

Let us denote X] h by luiY) and we summarize the above results in the following 

Hf,=H 

well-known facts. 

Fact 2.1. For every orthogonal representation of G = Z^, p a prime, with = {0}, we 
have the canonical decomposition into irreducible representations ( each of them possessing 
a complex structure consistent with the action, if p > 2): 

V = QlaVa = QV" = ®V^- , 
a a a 

where at the latter Ha ranks all maximal isotropy subgroups of S{V) and V^" = © . 

l3:Hp=Hc 
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Consequently, 

(3) d{V) = J2l^{V) = J2 = I diniK V = dime V, 

a Ha 

if p is a odd prime, or 

(4) d{V) = Y,UV) = Y^^hA^) = di^M^ 

a Ha 

if p = 2, respectively and the spheres S'(y") = SlV^") form a family of disjoint invariants 
subsets of S(y). 

Analogous to the torus case, the homomorphisms : ^ G U{1) = S^, correspon- 
dingly to : Z2 — J- Z2 C 0(1) = S^, is called a weight of G. The number la is called the 
multiplicity of weight C,a- 

Remark 2.2. For G = Xp, all nontrivial irreducible representations {V^ }^^| are of the form 

V,- ~ C : ^ exp{2mj/p) e C C . 

Consequently, for every 1 < j < p — 1, the homomorphism is a monomorphism, thus 
Hj = e, for every j, which is obviously the unique maximal subgroup of G. 

Denote by Z^" the set 

Zf" := {v G S{V"-) I f^-{v) = , with = fis(v»c.) : S{V"") W^'^} 

= ZfnS{V^"). 

We have the following. 

Theorem 2.3. Let V, W be two orthogonal representations of the group G = Zj, with 
= = {0}, and let f : S{V) W be an equivariant map. Then, for every maximal 
isotropy group d G of the action on SiV), we have f{S{y^")) C W^" , and for the 
covering dimension 

dim(Zf ) = dim(ZfVG') > 2[d{y''-) - diW""-)] - 1 = 2[/^jV) - IhSW)] - 1 , 
if p is an odd prime, and 

dim(Zf-) = dim(ZfVG') > diV""-) - ^(1^^") - 1 = IhAV) ' Ih^W) - 1 , 
if p = 2, respectively. 

Proof. Let if be a maximal isotropy subgroup in S{V) and f^ : ^(V^^) — the restriction 
of / to S{V^). Note that is a sub-representation of G, the action of G on S{V^) 
factorizes through K = G/H. Here H ^ Zp~\ or ~ Zg"^. Consequently, G/H ~ Zp, or 
Z2, respectively. Moreover, / : S{V^) — > is a iC-equivariant map. Now, from the main 
result of [13] applied to the cyclic group Zp of prime order, it follows that 

dim(Zf'^) = dim(ZfVG') > 2[d{V^'^) - d{W"'^)] - 1, 
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if p is an odd prime, or 

dim(Zf") = dim(ZfVG) > d{V^'^) - d{W^'^) - 1, 
if p = 2, respectively. □ 
Remark 2.4. By Fact [O, we have J2 dime V^" = ^d{V^°') = dime V = d{V) for p odd, 

Ha Ha 

and ^dimffiV-'^" = J^^i^^") = dim^ = d{V) if p = 2 respectively. Summing up the 

Ha Ha 

inequalities of Theorem 12.31 we get 

dim Zf- > 2( d{V) - d{W"") ) " c > 2{d{V) - d{W)) - c, 



or 



J2 dim Zf'^ > d{V) - J2 d{W^'') - c > d{V) - d{W) - c 

a a 

depending whether p is odd prime, or p = 2, where c = ^ 1. 

a 

A better estimate to ^ dim Z'j^" will be given in Theorem 12.71 

a 

Theorem 2.5. A necessary and sufficient condition for the existence of a iJ^-equivariant 
map f : Siy) S{W) zs 

dim V^^ < dim W^^ 

for every maximal isotropy subgroup on S{V). In particular, if d{W) < d{V), then 
there is no G-equivariant map from S(y) into S{W). 

Proof. Observe that if there is a G-map / : S{V) — )■ S{W), then Zf = 0, which gives 
dimZ^^^" = —1, for every Ha- By Theorem 12.3^ we get Inai^) ^ ^Hai^)^ fo^ every maximal 
isotropy group Ha, which appears in the decomposition of V. 

If d{V) = ^Hai^) > J2^Ha(W) = d{W), then there exists at least one index ao, for 
which lHa,{V) > lHa,{W). By Theorem Ea for a G-map / : S{V) S{W) C W it implies 

that dim Zj:"° > and, consequently, Zf ^ 0, which gives a contradiction. 

The converse was already proved in fTH Theorem 2.5], in another formulation. We will 
present a proof of it. It is enough to show that for every maximal subgroup H G G, under the 
assumption < d{V^) < d(W^), there exists Zp-equivariant map f^ : S{V^) S(W^). 
Indeed, once more, using the fact that the action of G on S(y^) and S(W^) factorizes 
through K = G/K ~ Zp, and any such a map f^ is G-equivariant. Now, it is sufficient to 
take the joint of maps of the corresponding joints of 

* : SiV) = S{®V") = *S{V") ^ *SiW^) = S{®W^) = S{W) . 

By Remark [221 = V/jV,-, where Ij > 0, and = %^ljVj,wheTe Ij > 0. Since 

i=i i=i 

p—i p~i 

d{V^) = J2 — h ~ d{W^), it is enough to show that for every 1 < ji, ^2 < P — 1, 

3=1 3=1 
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there exist a Zp-equivariant map from S{VjJ — )■ S{Vj^). Let 1 < Ji ^ < p — 1 be the inverse 
of ji in Z*. It is easy to check that the map 

is the required Zp-equivariant map. □ 
Let Hi, H2, ... ,Hshe all maximal isotropy subgroups on S{V) and Hi^, Hi^, . . . , Hi^ be 
all among Hi, . . . , Hs, for which Ih^. (W) > 0. Theorem 12.31 leads to the following. 

dimZf > max {2{IhXV)-IhXW))-1)} = 

i=l,... ,s 

(5) 



= ma^ max {2{Ih^ {V) - ^ (PF)) - 1} , max { 2 /^^(l^) - 1} 

Here iHiiV) denotes the multiplicity in V of the irreducible representation corresponding to 
Hi, and is equal to dime i.e. in the first equality IffiiW) = 0, if W^' = {0}. 

Note that the estimate (jS]) is weaker then expected dim Zf > 2{d{V) — d{W)) — 1 which 
holds for G = Zp, or dim Zf > d{V) — d{W) — 1 which holds for G = Z2 respectively. We 
shall show that this stronger version also holds for Z^, k > 2 (cf. Theorem EZD- 

Now, we turn to the problem of existence of G-equivariant maps from the sphere S{V) of 
infinite dimensional representation V, into the sphere S{W) of a finite dimensional represen- 
tation W, or the estimate of dimension of the set Zf, for an equivariant map / : S{V) — > W. 

Theorem 2.6. Let V, W be an orthogonal representations of a p-torus G = Z^, p prime, 
such that V'^ = {0} = W'^ . If dim V = 00 and dimW < 00, then for every G-equivariant 
map f : S{V) W we have 

dim Zf = 00 . 

In particular, there is no G-equivariant map S{V) — ?■ S{W) under this assumption. 

Proof. For a given d & N, let us take sub-representation V{d) C V such that d(y{d)) > d. 
We have only a finite number of subgroups H G G and 



d{V) = J2^h{V) = dim 



uim V 

H H 

where the sum is taken over all maximal isotropy subgroups, there exists Hq G G such that 



d{V{d)^°) = dime V{d)^'> 00, if d{V) 00. 
Now, using estimate ([5]) we get 



dim Zf > lim 2{d{V{d)^°) - d{W^'')) - 1 = 00 

or 



dim Zf > lim d{V{d)^°) - d{W^°) - 1 = 00, 
if p = 2, which proves the statement. 

□ 



We have the following strengthened version of Theorem 12.31 which is the version of the 
Bourgin-Yang theorem for p-torus. 
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Theorem 2.7. Let V , W be two orthogonal representations of the group G = such that 
V'^ = W'^ = {0}. Let f : S{V) W be a G-equivariant map and {Ha}, I < a < s, all 
maximal isotropy subgroups of G in S(y). Then, either 

J2 dim Zf" > 2( d{V) - d{W) ) - 1 , 

a 

or 

dimZf" > d{V) - d{W) - 1 

a 

depending whether p is odd prime, or p = 2. 

A proof follows the scheme of the proof of the corresponding Bourgin-Yang theorem for 
G = Ijpk given in [13]. It requires a notion of the length index of a G-space with respect to 
an equivariant cohomology theory (cf. [3]). 

We briefly recall the notion of an equivariant index based on the cohomology length in 
a given cohomology theory. It was introduced and described in details by Thomas Bartsch 
in [31 Chapter 4] . He presented a very general version of the mentioned index, considering 
an equivariant map between two pairs of G-spaces, and defining an index for this triple. 
We consider the case when these two pairs are equal and the map is equal to the identity. 
Moreover, we study this notion taking as an equivariant cohomology theory the equivariant 
Borel cohomology of the Spanier- Alexander cohomology, denoted by Hq[X) (see [3], or [S] 
for more information). 

Let (X, X') be a pair of G-spaces. The Borel- Alexander- Spanier cohomology of (X, X') 
in a coefficient ring TZ, denoted as Hq{X, X';Tl), are defined as 

H*c{X,X'-Tl) = H*{X XgEG, X' EG; TZ), 

where on the right hand side are Alexander-Spanier cohomology with coeeficients in TZ. If 
TZ is fixed, then we omit it in the notation, writing shortly Hq{X, X'). 

Let us fix a set A of G-spaces. Usually, it is a family of orbits, which obviously is finite, 
if G is finite. 

Recall that for the equivariant cohomology theory Hq and a G-pair {X,X'), the cohomo- 
logy Hq{X,X') is a module over the coefficient ring if^(pt) = H*{BG;TZ), via the natural 
G-map px : X — )■ pt. We write 

w ■ 7 = p*x{^j~') U 7, and Ui ■ U!2 = ouiU U2, 

for 7 G H^{X,X') and Wi, 102 E H^{pt). 

For a prime number p, we denote by Fp the ring (actually a field) of integers modulo p to 
distinguish it from the cyclic group Zp, considered as a group only. For the group G = Z^, 
p odd prime, and the ring TZ = Fp, we have the following classical description of i7^(pt; Fp): 

H*{BG] Fp) = Fp[ci, C2, ... , Ck] ®Fp E{wi, W2, . . . , Wk), 

where Fp[ci,C2, ... ,Ck] is the polynomial algebra with generators q G H'^{BG; Fp) and 
E{wi, W2, . . . , Wk) is the exterior Fp-algebra of k variables wi, W2, . . . , Wk, Wi G H^{BG; Fp), 
1 < i < k (see [3] for more references). 

For p = 2, G = Z2 and 7Z = F2, the corresponding description of HQ{pt; F2) is even 
simpler: 

H*iBG;F2) = F2[wuW2, ... ,Wk], 
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where for 1 < i < k, Wi E H^{BG; Fp) is the image of w G H^{BZ2; Fp), the generator of 
H*{BZ2; Fp) by the homomorphism p* : H*{BZ2] Fp) H*{BZ'^] Fp). 

For a definition of the length index, we have to fix an ideal / in the ring R = H^ijit] Fp) 
and a family A of G-sets. 

First, we fix the family of G-sets (actually a family of orbits) taking 

A= {G/H : H a subgroup}. 

Next, taking for G = Z^, p odd, the ring R := if^(pt), and I = (ci, C2, . . . , c^), the ideal 
generated by Ci, C2, . . . , c^, or correspondingly, for G = Zg, the ring R = Fp[wi, W2, ... , Wk], 
and the ideal I = R = Fp[wi, W2, ... , Wk], we obtain the following adjustment of [31 Defini- 
tion 4.1]. 

Definition 2.8. The {A,Hq,I) - length index of a pair (X, X') of G- spaces is the smallest 
r such that there exist Ai, A2, . . . , Ar E A with the following property: 

For all G H^{X,X') and all Ui G /nker(ifg(pt) H^{Ai)), i = 1, 2, . . . , r, the product 

UI-U2 UJr--f = e H^{X,X'). 

The {A, Hq, I) - length index has many properties, which are important from the point 
of view of applications to study critical points of G-invariant functions and functionals (see 
[3]). Next, we shall use only a part of them. 

Remark 2.9. By Observation 5.5 of ^ we can replace A by a smaller family A' C A, provide 
for every A E A, there exist A' E A and a G-map t] : A ^ A' . In particular, for G = TJ^, 
instead of the family A = {H ^ G} we can take the family A' = {H ^ G,H maximal}. 

We begin with the following. 

Proposition 2.10 ([3l Theorem 5.2]). Consider the group G = k > 1, and let I denote 
{A, Hq, 1} - length index of Definition \2. 81 . Let V be an orthogonal representation of G such 
that = {0}. Then 

1{S{V)) = d{V) = dim^V. 

Proposition 2.11 ([31 Theorem 5.3]). Consider the group G = Z^, k > 1, p an odd prime, 
and let I denote {{A, Hq, 1} -length index of Definition \2.8[ Let V be an orthogonal repre- 
sentation of G such that = {0}. Then, 

liSiV)) = d{V) = ^ dimM V = dime V . 

To prove Theorem 12. 7^ we need to discuss a relation between the length index I = 
{A, Hq, I) of the G-set X and its dimension. 

Let X is a compact G-space and G a compact Lie group. In [T71 Proposition 5.3, page 
147], G. Segal discussed the equivariant K-theory. To do it, he showed that there is the 
Atiyah-Hirzebruch spectral sequence for equivariant K-theory, 

El'' = H%X/G;K:'Q)^K*QiX). 

For a proof of this convergence he used an invariant filtration of X such that Kq{X) is the 
associated module of the limit of this spectral sequence, with respect to this filtration. In 
|13] . we used this filtration to describe properties of a length index in /T^-theory and prove 
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the Bourgin-Yang theorem for G = Zph. Here, we also use the same filtration to establish 
some properties of the length index / = {A, H^, I). 

If X is a G-CW-complex, which is filtered by its skeletons {^*}, it is customary to define 
a filtration of H^{X) by setting H^^,{X) = keT{H^{X) H^{X'~^)). It corresponds to a 
filtering of X by the G-subspaces 7r~^{Y^), when the orbit space Y = X/G is a CW-complex 
and {Y^} its skeletons (vr : X — )■ F is the projection). 

The general case is discussed in [TTl §5], by use of the nerve of a G-stable closed finite 
covering of X. For each finite covering U = {Uj}j^s of a compact G-space X by G-stable 
closed sets it is associated a compact G-space Wu, with a G-map w : Wu X and a 
filtration by G-subspaces W/J C V^^ C ■ ■ ■ C C ■ ■ • C Wu, so that the following 
conditions are satisfied: 

(i) w* : Hq{X) -)■ Hq(Wii) is an isomorphism, and 

(ii) when V is a refinement of W, there is a G-map Wu — ?■ Wv, defined up to G-homotopy, 
respecting the filtrations and the projections onto X. 

Definition 2.12. We say that an element of Hq{X) is in Hq ^{X) if, for some finite covering 
U, it IS m the kernel of w* : H*(.{X) Hl^iyVy^). 

For the filtration of Hq{X) defined above 

(6) H*^iX) = H*^^,iX) D H*^^,{X) D ■ ■ ■ D H},^^{X) D ■ ■ • , 
Hq[X) is a filtered ring in the sense that 

(7) H*c/X) . H*c^AX) C H*c^^^AX) , 

thus Hq ,^{X) is an ideal in Hq{X) (compare with [T71 pages 145-146]). 
Moreover, we have the following 

Proposition 2.13. (i) An element of Hq{X) is in Hq^{X) if, and only if, its restriction 
to each orbit is zero, i.e., 

H*a,i{X) = keiiHUX) ^ J] HUG/G,) ) = f| ker(i/^(X) ^ H^G/G,) ) . 
Proof. A proof is analogous to the proof of [TTl Proposition 5.1(i), page 146]. 

□ 

Lemma 2.14. If X is a compact G-space such that dimX/G < r, then {Hq^{X)Y = 0. 

If X is a compact G-space such that dimX/G < 2r — 1, then {Hq2{X)Y = 0. 

Proof. It follows from Definition 12. 121 and properties ([6]) and ([Tj) of the filtration of Hq{X), 

H*aiX) = H*a,oiX) D H*a,AX) D ■ ■ ■ 3 H*a^,{X) D ■ • • , 

that Hq g{X) = 0, for all s > s, where s = dim X/G. Since by assumption s = dim X/G < 
r, in particular, we have that Hq^{X) = 0. Consequently, if dim X/G < 2r — 1 then 
{K^^2{X)Y C H^2^{X), and we conclude that {H^2{X)Y = 0. □ 
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Remark 2.15. From [TJ Theorem 1.1], it follows that for an action of a finite group G on a 
paracompact Hausdorff space X, we have dimX = dimX/G. Consequently, in this case, to 
estimate dimX it is enough to estimate dmvX/G. 

Lemma 2.16. Let X he a compact G-space G = or G = Z^, and px '■ X ^ \)t the 

canonical map. Let H he a maximal suhgroup of G, X cX , the corresponding G-invariant 
suhspace andpxa : X^ — t- pt, pxH = px ^ the corresponding map. Finally, let A = G/H G A 
he the orhit corresponding to H . 

i) Ifujel = {wi,W2, ... ,tyfc) nker(i7*(pt) ^ H^{G/H)) C R = F2[wi,W2, ... ,Wk], 
then p*x{uj) G H^^^{X^). 

ii) Ifuel = (ci, C2^ . . , Ck) n ker(i?^(pt) ^ H*a{G/H)) C R = Fp[ci, C2, . . . , Ck] 
E{wi, W2, ... , Wk), then p*j^{uj) E H^^i^^). 

Proof. First we show that the description of Hqi{X) of Proposition 12.131 can be simplified 
as follow: 

(8) H*a,,iX) = ker(i7*(X)^n H HUG/G,)) 

= fl n M^SW^^gIG/G.)), 

where the product, or intersection, are taken over all maximal isotropy groups Ha in X, 
i.e. all maximal subgroups of G for which X^°' ^ 0. Indeed, since for every x E X, 
^ some maximal i^Q, with G^ C H^, and GjGr^-^ G/Ha is a G-map, we have 

ker(i7a(^) ^ H*a{G/Ha) ) C ker(i/*(X) ^ //^(G/G,.) ). 

If w G ker(/7* (pt) ^ H^{G/Gx)), then G ker(/3* : H^{X) H^{G/Gx)), for any 

G-map (3 : G/Gx ^ X , in particular for the inclusion Gx C X (see [3l page 59]). 

Now, if X = X^ , H maximal, then for every x G X^, G^ = H and the condition (jS]) 
reduces to H^^^{X) = ker(iir^(X) -)> H^{G/Gxo) ^^^^ ^ ■ This shows the first 

case for p = 2. 

Let p be an odd prime. Using the first part of statement, we have p*j^h{^j~') E Hq^^{X^). 
To show that p*^h{uj) E Hq2{^^)i we have to explore the geometric meaning of elements 
Cj G if^(pt) and the space W. First let us observe that the action of G on factorizes by the 
action of G/H = Zp, and the latter is free a Zp-space. Moreover, since the exact sequence 
H --^ G ^ G/H splits, we have G ^ H x Zp = H'. Representing G as the product 
Zp X Zp ■ ■ ■ X Zp = H X H' , we introduce new coordinates, which are expressed by the old 
by an automorphism of G. 

In such presentation we have H*{BG; Fp) = Fp[ci,C2, ... ,Ck] ®Fp E{wi,W2, ... ,Wk), 
H^{G/H; Fp) = H*{BH; Fp) = Fp[di, Ca, . . . , h-i] E{wi, ^2, • • • , Wk-i) and 

keri7*(pt) H*a{G/H) = Fp[5k] E{wk) = H\BZp-Fp). 

Furthermore, the ideal / = (ci, C2, . . . , c^) is equal to the corresponding ideal 

I = (Cl,C2, . . . ,Ck). 

In these coordinates, we have / nker(iJ^(pt) — )■ Hq{G/H) = (cfc) is the principal ideal 
generated by Ck, shortly c. But c is the first Chern class (reduces modulo p) of the universal 
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bundle ^ over BZp belongs to H'^{B7jp] Fp). Consequently, c vanishes on B'Lp^^\ the one 
skeleton of BTjp. 

Turning back to the space Wu, associated with a G-space X and its G-covering lA. Wu is 
the geometric realization of the nerve of U, thus it is a G-complex G-homotopy equivalent 
to X. Furthermore, U induces a Zj, = G/if-covering of X^ , consisting of sets f/j fl X^ . 
Next, Y = is a free Zp-space and the map 

: iH*{BZp; Fp) = H*^{pt)) ^ (H^Y x^^ EZp; Fp) = H*^^{Y- Fp)) 

is induced by the classifying map : y — )■ EZp of the Zp-principal bundle 7 = (F, tt, Y/Zp). 
Since Y = is a Zp-complex, the map (p can be replaced by G-homotopic cellular map 

4! : Y ^ EZp, e.g., ip{W^^'^) C EZi^\ This means that p^(c) = (0y/Zp)*(g) vanishes on 
yV^^\ which shows that Py(c) G Hq2{X^) and it completes the proof. □ 

Now we are in position to prove Theorem 12.71 

Proof, (of Theorem 12. 7p . Denote by W = S{y)\Zf, which is an open and invariant set. From 
the continuity of the equivariant Borel-Alexander-Spanier cohomology theory, it follows that 
there exists an open invariant set V C SiV) such that 

ZfdV and H*c{y) = H^{Zf). 

It yields l{Zf) = 1{V). Moreover, 

HUW\{0}) = HUSiW)), 

by the equivariant deformation argument and then l(W \ {0}) = 1{S{W)). Since / maps 
equivariantly U into W \ {0} we have 

m<iiw\{o}) = i{s{w)), 

by the corresponding monotonicity property of the length index (cf. [3l Theorem 4.6]). 
Obviously, U UV = S(y). It follows by the additivity property of the length index (cf. [H 
Theorem 4.6]) that 

i{s{v))<i{v)+m, 

which gives 

liZf)>liSiV))-l{S{W)). 
By Propositions 12^01 and \2Jl\ we have 1{S{W)) = d{W). This gives 

(9) liZf) > diV) - d{W) . 

Set d(Zf) := dim(Z^"), where Ha are maximal isotropy groups in Zj. To complete the 

a 

proof of Theorem 12.71 it is enough to show that 

(10) liZf) < d{Zf) + 1, 
if p = 2 and 

(11) 2l{Zf)<d{Zj) + l, 

if p is an odd prime. Denote r = d{Zf), X = Zj and consider multiplies 

(12) P*xM ■ P*xM ■ ■ ■ P*x{^r) ■ Px(^r+l), 
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where G = Zg, and Ui G ker(iJ^(pt) — t- Hq{G / Hi)), a maximal subgroup of G. 
For p an odd prime, we consider 

(13) P*xM ■P*xi^2) ■■■ ■P*xi^t), where 2t>r + l, 

Ui G /nker(i/g(pt) — H^{G / Hi)) , H^ a maximal maximal subgroup of G, / = (ci, C2, . . . , c^). 

To show estimates fllOl) and fllip . it is sufficient to show that the multiplies (IT^ and (1131) 
are equal to zero. 

Collecting Ui into groups corresponding to a given maximal subgroup Ha, i.e. with Hi = 
Ha- First note that there exists a if^ such that there are s factors in the multiple f lT2|) . with 
s > dim + 1. Analogously, there exists a Ha such that there are s factors in the multiple 
( TT3|) corresponding to -ffo, with 2s > dimZ^" + 1. 

By changing indices, we can assume that these factors are p*x{ui) ■ p*x{u2) p*x{us) 

in the both cases. By simplicity denote Ha by H. 

Let lh '■ C X be G-equivariant embedding. Now, we show that 

(14) i*H{p*xM ■ P*xM Px(^.)) = 
in H*a{X"). 

Indeed, put Ui = L*jf{p*x{ui)). Since p*x o i*H = 'P*xhi is in the form ^^^(i^i) with 
(jJi G ker(if^(pt) — )■ Hq{G / H)) . If prime p is odd, then also Ui E I = (ci, C2, . . . , c^), by the 
assumption on a;,. 

Now, applying Lemma [2. 161 we have Coi G Hq ^(X^), or Coi G i?^ 2(^^)5 if P is odd. Using 
the property ([7]) of filtration we see that 

cl;, Gi/a_,(X^) = 0, 

because s > r + 1. This shows the equality f|T^ . in general, e.g., also for p = 2. 

If p is an odd prime, then additionally Ui G Hq2{X^) and consequently, by the property 
(j7]) of filtration we have 

because 2s > r + 1. This shows the equality (fT^ in the second case. 

Recall, that our task is to show that the multiplies ffT^ f lT5]) are equal to in Hq{X), but 
is not a monomorphism in general. 

To prove it we use the Borel localization theorem (cf. (TU] and [S]), which says that 

S~h* : S~^H*^{X) S~^H*c{X") 

is an isomorphism, if we localize Hq{X), and Hq{X^) in an appropriate multiplicative 
system 5* C iJg(pt). 

But, the localization operation 5*"^ : Hq{X) — )■ S^^Hq{X) is not a monomorphism, 
in general. However, the elements p*x{uJi) are not annihilated by the used multiplicative 
system 5". Let us fix a maximal subgroup H G G = Z^, k > 2. (One can consider that 
H = 7jp X Zp X ■ ■ ■ X Zp, k — 1 times, the sub-torus of rank k — 1.) 

We say that an element u G Hq{X) comes from X^ , if there exists u G Hq[X^) such 
that l*h{uj) = u). 

Proposition 2.17. For a given maximal subgroup H G G, G = Z^', with X^ 7^ 0, there 
exists a multiplicative system S G iJ^(pt;-Fp), contained in the center of HQ{pt; Fp) and 
such that: 
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i) The natural embedding l : — )■ X induces an isomorphism 

ii) The canonical mapping Hq{X;Fp) — t- S~^Hq{X; Fp) is injective on the set of ele- 
ments that come from X^ . 

iii) The canonical map H^{X^;Fp) S-^H^{X" ; Fp) = H^{X";Fp) S-^H^{pt) 
is injective. 

Proof. First, we can assume that = Zp x Zp x ■ ■ ■ x Zp x e C Zp x Zp x ■ ■ ■ x Zp x Zp, 
applying an automorphism A : G ^ G, ii necessary. Let / = {wi, . . . , Wk), if p = 2 and 
/ = Fp[ci, . . . , Cfe] C H^ipt), Hp is odd. 

Then, / n ker(i7^(pt) ^ H^{G/H)), i.e., keT{H*{BG, Fp) H*{BH;Fp)) is the ideal 
generated by w^, or by c^, respectively. 

Take as the multiplicative system 

5" = F2[wi, . . . ,Wk-i] \ (wk) C F2[wi, . . . ,Wk-i,Wk] \ {0} = H^k{pt) \ {0}, 
if p = 2, or respectively, 

S = Fp[ci, . . . ,Cfc] \ (cfc) C Fp[ci, . . . ,Cfc-i,Cfc] \ {0} C iy^^(pt) \ {0}, 

if p is odd. 

Note that 5* is a multiplicative system as the complement of a maximal ideal. In both 
cases, S is in the center of if^(pt), because in the first case the coefficients are F2, and in 
the second, S contains only elements of even gradation (cf. [8] 3.3 page 190). 

Next, we have to describe a family d{S) of subgroups of G, which is associated with S by 
the following definition (cf. |8] 3.3 page 190) 

(15) d{S) = {K:Sn ker(i7* (pt) ^ H*a{G/K)) ^ 0}. 

We claim that in our case of //-maximal, = Zp x Zp x ■ ■ ■ x Zp x e we have 

^{S) = {K (ZG : K ^ H ,H ^G}. 

Each subgroup K d G,o{ rank l<r<A; — l,is the intersection of kernels oik — r functionals 
: Zp — )■ Zp, or equivalently, 0]^ : Fp — > Fp, i.e., 0]^ is given as 

k 

0x(^i'^2, ■■■ Xk) = ^alxl, 1 <j <k-r, 

i=l 

for some & Zp = Fp. 

Consequently, for p = 2, the ideal ker(i7^(pt) — Hq{G/K) C F2[wi, ... ,Wk-i,Wk] is 
the ideal (0^, . . . , 0^^), and it has nonempty intersection with S = F2[wi, ... , Wk\ \ (wk). 
Indeed, otherwise {(j)]^, . . . , 0^') C (wk), which is impossible, since K ^ H, i.e., for at least 
one i, 1 < i < k — 1, we have aj 7^ 0. 

By the same argument for p odd, the ideal 

I n ker(/7^(pt) ^ H*a{G/K) C Fp[ci, . . . , Cfc_i, Ck] 
is the the ideal (0)^, 0|;, . . . , 0^*^), and it has nonempty intersection with 

S = Fp[ci, ... ,Ck] \ (cfc). 
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Indeed, otherwise (0^, . . . , 0^^) C (cfc), which is impossible, since K ^ H, i.e., for at least 
one 1 < j < k — r, 1 < i < k — 1, we have 7^ 0. 

Now, we can use the localization theorem (|8l Theorem 3.6]), which states that if S* is a 
multiplicative system in HQ{pt) and ^{S) the corresponding family of subgroups and A G X 
an invariant closed and taut subset, then 

(16) S-'H*aiX) ^ S-'H*aiA), 

provided X \ A is of finite S'-type. Since we are considering metric spaces, the set A = 

is taut. Also, it is of finite S'-type with respect to the above S, because in X \ X^ all the 

isotropy groups belong to d{S), X C S(y) and the action is linear. 

This shows i) of the statement of Proposition 12.171 Proofs of items ii) and iii) are conse- 
quence of i) and properties of the operation of localization S~^, which is tensoring by the 
locahzed coefficient ring ^"^-^^^(pt; Fp) (cf. [H Chapter 3]). □ 

As a direct consequence of Proposition \2.17\ we get the following. 

Corollary 2.18. Under the notations and assumptions of Proposition \2J7\ Ifrji, 772, ■ ■ ■ ,ris 
are elements of Hq{X; Fp) that come from X^ , then 

b*{rii ■r]2- ■■■ Vs) = =^ V1-V2- ■ ■ ■ r/s = . 

Now, Corollary 12.181 applied to X = Zf, rji = p*j^{uJi) and combined with f|T^ shows that 

p*Au,) -p^M ■■■ ■p*x{uJs) = ^ mH*aiX;Fp). 



This completes the proof of Theorem 12.71 □ 



3. The case of G = T*^ 

Now we formulate corresponding theorems for G = T^. If X = S{V), V an orthogonal 
representation of T'^ with = {0}, then the maximal subgroups C G are more ef- 
fectively described as in general case of arbitrary X, similarly as in the already discussed 
case G = Zp. Unfortunately, there is no one-one correspondence between fixed points of 
maximal subgroups and the irreducible representations that appear in the decomposition of 
V, because there are no maximal proper subgroups of this group. 

Definition 3.1. Let X be a G -space. We call an isotropy type {H), corresponding to an 
isotropy subgroup Gx of x E X , the maximal isotropy type, if there is no y E X such that 

If G is abelian, then we call H = Gx the maximal isotropy subgroup. 

IfV is an orthogonal representation ofG, then by a maximal isotropy type, correspondingly 
maximal isotropy subgroup H , if G is abelian, we mean the maximal isotropy subgroup, or 
respectively, the maximal isotropy subgroup of G, if G is abelian, of the action on the sphere 
S{V). 

Since, for a point direct sum of two representations Vi, V2 we have 

G {xi,x2) Gxi n Gx2 1 

a maximal isotropy subgroup of on orthogonal representation of T*^ is the kernel group of an 
irreducible representation Va <ZV . 
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For an orthogonal representation of G = T'^ let 
(17) ^ = ©/„^„ = ©y", v'':=LV^ 

a a 

be the decomposition of V into multiplies of irreducible representations. Every is given 
by a homomorphism : T'^ — )■ S*^. Since is not the trivial irreducible representation, 
is onto and Ha = ker C T'^ is a subgroup of T'^ of dimension k — 1. 

Example 3.2. Let V be an orthogonal representation of G = with V'~^ = {0}. Then, 

where Kn is a two-dimensional irreducible representation of given by the homomorphism 
^rrij : defined as 

t (— )■ exp(27rzmj t) . 

Then, an isotropy subgroup H = C 5^ is a maximal isotropy subgroup, if m = rrij, 
for some 1 < j < r and rrij \ rriji, for some j' 7^ j. In other words, maximal subgroups 
corresponds to all among rrij, which are not proper divisors of any other rrij/. 

It is well-known, that any subgroup H G T'' is equal, up to isomorphism of T'^, to x 
X ■ ■ ■ X X Tjmi X X ■ • ■ X Tj^rir, for some 1 < r < k and rrij > 1. 

Consequently, the kernel of an irreducible representation, up to an isomorphism of 
T^ is equal to x x ■ ■ ■ 5^ x Z„ C T^ i.e, it is equal to x Z„^, where is the 
component of identity of Ha- Such a subgroup of torus is called a subgroup of rank k — 1. 

Lemma 3.3. If Ha and H/^ are two different isotropy subgroups of rank k — 1 of an orthogonal 
representation V of G = T^ of the form Ha = H^ x Z^,^ and Hjs = H^ x Z^^, then 

i) either k >2 and dim{Ha fl Hp) = k — 2, and V^°' fl V^/^ = {0} in such a case, 

ii) or Hl = H^c^ T^-^ and if the lowest common multiple n = [mQ,,m^] of rria and rriis 

and the induced action of on V^" we have {V^°')^" = {0}, then also V^°' HV^i^ = 
{0}. 

Proof. The dimension of the tangent space T(Ha) C TG ^ M'^ is equal to dimi^Q, = 
dimH^ = k — 1. If dim T(i7Q:) fl Ti^Hp) = k — 2, then two linear subspaces T{Ha) and 
Ti^Hp) span TG, thus the group {Ha, Hp), generated by Ha and Hp is equal to G. Conse- 
quently, V^" n V^i^ = V'^^"'-^'^'^ = {0} which shows the first case of statement. 

Since G is abelian, all the subgroups are normal, e.g, for every H C G the subspace 
is a sub-representation of V. For H = Hq x Z^, we have = {V^ )^'" and the action of 
G on factorizes through the factor = T^/H^. 

Let Ha, Hp C G be two subgroups isomorphic to if" x Zm„ , where is a /c — 1-dimensional 
torus (note that each of them is equal to H'^ x Z^ but, up to a isomorphism, which can be 
different in each case). Using the fact that V^" = (y^°')^°'^^°' = (y^°)^'"Q , and analogously, 
for V^i^ we see that 

V^- = © Kn and V^^ = © 

ma\m mp\m 

for the induced action of 5"^ = G / H^ . Consequently, if {ma,mp) = 1 then there is no a 
common summand in the above direct sums and, consequently, V^" fl V^f' = {0} □ 
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It is worth pointing out that the fixed points subspaces of maximal isotropy groups do not 
span the entire representation V as in the case of G = Z^. 

Example 3.4. As an example let us take G = and its orthogonal representation V = 
V5 © Vi5 © V3 © V21 © V7. Then minimal isotropy subgroups are Z15 and Z21. We have 
yZis _ ^j^^ yZ2i — Y2^^ which do not span V . 

On the other hand for X = S{V) the maximal isotropy subgroups of rank k — 1 always 
appear as the isotropy groups of x G S{Va). The above leads to the following. 

For a given isotropy subgroup H = x Z^ of rank /c — 1, we denote by % the family of 
all isotropy subgroups which the connected component of identity is equal to H^. 

By V"^ we denote the sum 

(18) Y V"" = ® 

which is a G-invariant linear subspace, thus a sub-representation. Here, is the kernel 
group of irreducible representation Vq,. 

Lemma 3.5. Let V he an orthogonal representation of G = T'^. Then, V decomposes as the 
direct sum 

V = (sV^, 

n 

where the summation ranks all the isotropy subgroups of rank k — 1. 

Moreover, the action ofG = on is given by the action of quotient group = G/H^. 

Proof. Since two different tori of rank /c — 1 in T*^ intersects along a torus of dimension k — 2, 
the subspaces and V'^ are perpendicular, if "H 7^ /C, as follows from Lemma [373] i). 
On the other hand, by fll8p the spaces V'^ span V. 

Since C H implies C , for every H eT-L, the A; — 1-dimensional torus = T*^~^ 
acts on trivially. Consequently, the action of G = T'^ on is induced by the action of 
= G/H^. D 

We denote by d-}{{V) the complex dimension dim^ V^. 
We summarize the above results as follow. 

Fact 3.6. For every orthogonal representation of G = T'^, with = {0} we have the 
canonical decomposition into irreducible representations , each of them possessing a complex 
structure consistent with the action and independently into the orthogonal direct sum of sub- 
representations of fixed points of all H ^Ti, 

a n 

where at the latter ranks all distinct families H of isotropy subgroups of G on S(y) with 
given k — 1 torus C T'^ being the component of identity. 
Consequently, 

Y^l^ = d{V) = Y,dn{V) 

a H 

and the spheres S'(y") = SlV^") form a family of disjoint invariants subsets of S{V). 
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Suppose that / : S{V) W is a. G-equivariant map. Then, f{S(y)^) C for every 
family (H) of the isotropy subgroups with a fixed connected component of the identity 
Ho - T^~^ Indeed, f{S{V)^) C W", for every H eU. 

Now, we discuss the induced = T'^/if^-equivariant map : S(y)^ — ?■ for each 
family H to obtain an analogous of the Bourgin-Yang Theorem 12.31 for the torus. 

Let V be an orthogonal representation of G = such that V'^ = {0}. Then, V = 

Kni © Kn2 © ■ ■ ■ © Vm,, TUj G N, 1 < J < S. 

Consider the subset Ai{V) of N consisting of all mj and their divisors, called the set of 
periods of V. We have a natural semi-order in Ai{V) given by 

(19) n A m <^=^ n \ m 

We distinguish the subset {mi,m2, ... ,ms} of Ai{V) consisting of rrij as above, and 
called the set of essential periods of V, or generators of Ai{V), and denoted by A^es(^)- 

Note that the maximal isotropy subgroups of the action of on S(y) corresponds to the 
maximal elements of Ai{V). In this case, the isotropy group on S{Vfn^) is equal to Z^^, , 
which corresponds to the ideal (rrij) of Z. Of course maximal element of Ai{V) are essential 
periods, but not conversely. 

In the set A4{V) we can consider a natural filtration defined as follows. 

Let MiVY^^ = M{V)(^o) = {rhj : rhj is maximal in M{V)}. Let us define M{VY = 
M{V)\M{VY°^ and subsequently let M{V)(^i) = {m e M{Vy : m is maximal in A^(\^)^}. 

Thereafter put M{VY'^'^ = M{VY^'^ U M{V\iy 

In this way, we obtain an ascending filtration 

M{VY^^ C MiVY^'^ ■ ■ ■ c = M{V) 

and disjoint partition 

M{V)(^o)UM{V)^,)U ... UM{V)(^r)=M{V). 

The above defined filtration induces an ascending filtration, and correspondingly a parti- 
tion, of Mes{V). 

Moreover, the isotropy subgroup of a point {x,y) G S{ljVmj © hVrm), x 7^ 0, ?/ 7^ is 

isomorphic to Zmj nZmi C 5*^ which is equal to Z(mj^m,)- Consequently, Knj ©Krai C ^/^('"j ''"*). 
This means that for every m G J^iV) the cyclic group is the isotropy subgroup of some 
X G S(y) and 

m\mj 

In particular, V = V'^-^ where m = (mi, m2, . . . , mg) is the unique minimal element of 
M{V). 

We are in position to formulate our main theorem, describing an obstruction to the exis- 
tence of S'^-equivariant map between the spheres of two orthogonal representations of S^. 

Theorem 3.7. Let V, W be two orthogonal representations of G = such that 
= W^ = {0}. 

Then, there exists a G-equivariant map f : ^(V") W \ {0} if and only if 

(20) for every m G {mi, m2, . . . , mJ = MesiV) we have, d(y^"') < diW^'"^) . 
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Moreover, 

dimZj> max dimZ^"' >2{d{V'^^) - d{W^-^)) - I >2{d{V) - d{W)) - I . 

m&M{V) ^ 

Note that if dimZj > —k, for A; G N, then there is no any condition on Zf, i.e. it can be 
empty as well. 

Corollary 3.8. [H. Hopf] There is no a S^-equivariant map f : S(y) —> W \ {0}, if 
d{V) > d{W). 

Proof, (of Corollary 1331) Note that if d{V) > d{W), then the set {m e MiV) : d{V^-^) > 
diyV^"')} is nonempty, because rh = (mi, m2, . . . , m^) G MiV) and V^'" = V. Now the 
statement follows from Theorem 13.71 (see [12] for further references and historical remarks). 

□ 

Proof (of Theorem [32D Let G = S\ = = {0}, and / : S{V) W, be an 5^- 
equivariant map. For every C S^, the linear subspaces V^"' and ly^™ are G-invariant, 
thus sub-representations with the induced action of = S^/Zm has no fixed points on the 
spheres. 

Moreover, /^^ : S{V^"^) — )■ W^"' is S^-equivariant, thus if-equivariant. Let us take a 
prime p not dividing m, i.e. relatively prime to m. Observe that SCV^"") and S{W'^'^) are 
free Zp-spaces. Now, it is enough to use Corollary 12. 5^ with k = 1 and H = e, to get 

diV^"') < d{W^"'), 

which shows that our condition is necessary. 

Furthermore, if m G is such that diV'^"^) > dlW^"') then for every S^-equivariant map 
/ : S'(y^'") — )■ W'^'" and a prime p as above, it follows from Theorem 12.31 applied to /^™, 
with k = 1 and H = e, that 

dim ZfZr^ > 2{d{y^^) - d{W^^) ) - 1. 

Since Zfim C Zf, we get the left estimate of statement. Taking as m the minimal element 
m = (mi, m2, . . . , m^) we have 

dim Zf = dim Zfz^ > 2 ( {d{V) - d{W^^) ) - 1 > 2 ( diV) - d{W) ) - 1 

which shows the right inequality. 

We are left with the task to show that if the inequality d{V'^'^) < diW^"') is satisfied for 
all m G J^esiy), then there exists an S'^-equivariant map / : S{V) — > S{W). We show it by 
a finite induction over the semi-order =^ in Ai{V), starting from maximal elements. 

First suppose mo G A4(y)(o) is a maximal element of A4(y). Then V'^'^o = /^^ Vmo, since 
mo is maximal, i.e. is a maximal isotropy group of the action of S*^ on \ {0}. By 
definition, (i(V^^™o) = /^o- On the other hand, by our assumption, (i(V^^'"o) < dCW^"""). In 
W the subgroup is not maximal, in general, but W^'^o = /oKno © hVmi © ■ ■ ■ © hVzms ; 
where mo | rrij, for every 1 < j < s, i.e mo is not maximal in W, in general. But 



(21) 



s 

j=0 
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~ s ~ 

Since Imo < there exists a 5 -equivariant map (f) : S{lmoVmo) S{Q) Ij Vmj), provided 

j=0 
s' 

mo I rrij, for every j. Indeed, let s' be smallest number such that — J2 ■ It enough 

j=0 

to map each S{ljVm.o) into S^ljVm^) by the mapping z h-j- z"^ , for each < j < s'. If 
/mo < Yl hi then for j = s', we compose the above map with the embedding of SilgiVmo) C 

j=0 

5'(/s'Kno)) where Is' = Yli h ~ ^mo- Finally, the joint of maps gives the required equivariant 
map from 

: SilmoVmo) ^S{® IjVm,) C 5( © /~- Vra,) ■ 

Note that can be greater than /q, in general. 

In this way, we define a G-equivariant map from [JS{V"^^) — )■ S{W), where the union 
is taken over all rrii G M.{o){V) (note that S{V^^) fl S{V^^) = 0, if mj 7^ are maxi- 
mals). Furthermore, applying the join construction, we construct a G-equivariant map 
: S{®ljVm^) S{W), where the sum is taken over all e A^(o)(^) = M^^\V). 

Let m G A^(V)(i). If m is not essential, then 

V = © Vrrij C © ^ . 

m\mj,mj£M{V)W mjgA^(V')(0) 

Consequently, the equivariant map = 0'-°^ : S'(y^'") — )■ \ {0} is already defined in the 
previous step. 

Suppose that m G M.esiy){i) is essential, then 



V — © Ij Vrrij — Im Kn © © h ^'rrij ' 

m\mj,mj&M{V) rn\m.j,rnjj^m.,rnj^M{V)'^'^) 



Respectively, 



W — © '^'nij — ImVrn © © Ij '^nij ■ 

m\mj m\mj,mjj^m 



Now using the fact that 

d{V^-) =lrn+ Yl h < Yl h = diW^"") , 

m\mj ,mjj^m,mjeMiV)'.'''> m\mj 

and proceeding by the same way as in the first inductive step, we construct an equivariant 
map : SiV'^"') W \ {0}. Repeating the same for all m G M.es{y){i) we construct an 
equivariant map 

: u s{y^^) ^W\{<d} . 

m.&M{V)W 

Now repeating all the procedure for m G M.{i)-, with consecutive 2 < i < r, we extend our 
G-equivariant map 0'^^) onto consecutive sets 



u s{v^"^) 



and finally a G-equivariant map 
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meMiV)M 

But 



s u = siV"^) = s{v) , 

VmeM(V)('-) / 

where fh = (mi, m2 . . . , m^) is the greatest common divisor of mj G Ai{V). This defines a 
G-equivariant map 

= : S{V) ^W\{0} 

and, consequently, completes the proof of Theorem 13. 7[ 

Note that in our procedure of construction of (j) we have to use the condition < 
diW^"") of Theorem 13.71 only if m is an essential period. 

□ 

Since for G = S"^ we have dimZj — dim Zf/G < 1 = dimG, we get the following conse- 
quence of Theorem 13.71 



Corollary 3.9. Under the assumption of Theorem \3. 7| we have 



dim Zf/G > 2 ( d{V) - d{W^"^) - 1 ) > 2 ( d{V) - d{W) - 1 ) 

As a consequence of Theorem 13. 7[ we obtain the following version of the Bourgin-Yang 
theorem for the torus. 

Theorem 3.10. Let V, W be two orthogonal representations of the group G = T'^ , with 

yG = w^ = {0},V = ®la{V)Va, = ®V^ and W = ®h{W)Vp = 

an 13 n 

be the canonical decompositions of ([T]) and Fact 13.61 of V and W , respectively, where the 
families are specified by the rank k — 1 of the isotropy subgroups on S(y). Then, there 
exists an equivariant map f : S(y) W \ {0}, if and only if, for every we have 

d{V^) < d{W^) , 

and for the induced action of on , , and the -equivariant map : S{V'^) — )■ 
induced by restriction, the corresponding condition (120|) of Theorem 3/7 is satisfied. 
If there exists family "H such that d(y^) > d(W^), then 

dim Zf > dim{Zfn) > 2 ( d{V^) - d{W^) ) - 1 . 

Furthermore 

dimZf >2{d{V)-d{W))-l. 

Corollary 3.11. // d(W) < d{V), then there is no G- equivariant map from S(y) into 
W\{0}. 

Proof. From condition (l20l) . it follows that there exists a S"^ -equivariant map from S{V^) 
into for every family "H, which is G-equivariant by the form of the action of G on V^. 
Since V = (BV^ (cf. Fact 13.61 ) we can join such maps as in the proof of Corollary 12.51 to 

get the required G-equivariant map. This shows the first part of statement. 
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If d(y) > d(W), then diV^) > d{W'^), for at least one family "H. Now the second part of 
the statement follows from Theorem 13.71 or Corollary 13. 8[ applied to 

We show that there exists a subgroup K C G, K S^, such that = {0}. Since S(y) 
is compact, there are only finitely many isotropy subgroups, each of them contained in an 
element of some H. Now, we can find one-dimensional subtorus K = G G such that 
K nHf = e, for 1 <i < s. Indeed, there exists a hue L C T(T^)e = M*^ such that: 

.LnT(iJOj = {0}, for l<z<s, 

• For the integral lattice Z'^' we have L (1 Tj^ ^ {0}, because the intersections of lines, 
satisfying the second condition with the unit sphere, are dense. It is clear that for K = exp(L) 
we have S{V)^ = 0. (But the action of K is not free, in general). Now, the third part of 
the statement follows from Theorem 13.71 applied to the i^-equivariant map / : S(y) — )■ W, 
where V and W are considered as representations of S*^. □ 

Theorem 3.12. Let G be the circle . Then, for the sphere S(y) of a infinite- dimensional 
fixed point free normed G-vector space (orthogonal representation) V, a finite dimensional 
orthogonal representation WofG such that = {0}, and a G-equivariant map f : S(y) — t- 
W we have 

dim Zf = oo . 

Proof. Let V{d) = /miKm © Im2^m2 © ■ ■ ■ © UnJ^ms be a sub-representation of V such that 
d{y) = d. Always we can find a prime p which is relatively prime to all mj, 1 < j < s, thus 
relatively prime to all m G Ai{V). By the argument of the proof of Theorem 13. 7^ or directly 
by its thesis applied to the restriction f\s(v) of / to S{V), we have 

dim Zf > dim Zf^^^.^ > 2 ( diV) - d{W) ) - 1 . 

Passing with c? to oo we get the statement. □ 

Theorem 3.13. Let G be the torus , k > 2. Then, for the sphere S(y) of an infinite- 
dimensional fixed point free normed G-vector space (orthogonal representation) V , a finite 
dimensional orthogonal representation W of G such that = {0}, and a G-equivariant 
map f : S{V) W we have 

dim Zf = oo . 

Proof. Using Theorem 13.101 a proof is analogous to that of Theorem I3.12[ □ 

4. p-TORAL GROUPS 

In this section, we show that Theorems 12.61 and 13.131 can be extended on a larger class of 
groups called p-toral. The main result will be formulated analogous to [21 Theorem 3.1]. 

Definition 4.1. A compact Lie group G is called p-toral if it is of the form of an extension 

l^jk^G^P^l, 

where P is a finite p-group. 

In this section, we will use the G-index of G-spaces defined by the Borel equivariant stable 
cohomotopy theory, i.e the theory 



hUX, A) = TTliX xgEG,AxgEG), 
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where vr* denotes the stable cohomotopy theory. 

Following [21 5.4)], as a family B of orbits defining value of this length index, we take 

B = {G/H -.H^G}. 

Taking / = h*{pt), h*Q and B as above, the value of the length index defined by the triple 
{B, h*Q, 1} at a pair of G-spaces (X, X') will be denote by /(X, X'). 

Theorem 4.2 (Characterization of p-toral groups). 

a) Let G he a p-toral group Im-T*"'— t-G— t-P— t-I. Then, for the sphere S{V) of 
an infinite- dimensional fixed point free G-Hilbert space (orthogonal representation) 
V and a finite dimensional orthogonal representation W of G, such that W'^ = {0}, 
and a G-equivariant map f : >S'(V") — )■ W , we have 

dim Zf = l{Zf) = oo . 

b) If G is not p-toral, then there exist an infinite- dimensional fixed point free G-Hilbert 
space V , a finite dimensional representation W of G with = {0} and an equi- 
variant map f : S{V) — W such that 

Zf = 0, e.g. dim = — 1 < oo . 

Proof. The part b) follows directly from [21 Theorem 2)]. It states that for any not p-toral 
group and every orthogonal Hilbert representation V, = {0}, there exist an orthogonal 
representation W, with W"^ = {0} and dim 14^ < oo, and a G-map / : SiV) W \ {0}. 
Therefore Zj = 0, which proves part b). 

To show a) we adapt the arguments of ^ and [2] exposed in an extended form in [3l 
Chapter 5]. First, we have the following 

Proposition 4.3 ([31 5.11, 5.12]). For a p-group P and a contractible P-space X , we have 
1{X) = oo. 

Note that we do not require X^ = 0. Remind that if V is an infinite-dimensional Hilbert 
space then X = S(y) is a metric G-space which is contractible, because S(y) is homeomor- 

o 

phic to D[V). Consequently, it follows from Proposition 14.31 that 

1{S{V)) = oo. 

On the other hand, we have the following 

Proposition 4.4 (cf. [3l 5.4]). For every finite dimensional orthogonal representation W, 
with = {0}, and any G-length index as above, we have 1{S{W)) < oo. 

Proof. Indeed, S{W) is a compact G-space and each orbit of S{W) can be mapped into some 
element (orbit) of B. Now, the statement reduces to [31 Corollary 4.9 b)]. □ 

Note that the statement in the last propositions holds for every equivariant cohomology 
theory h*. 

An essential step in our proof is the following result. 
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Lemma 4.5. Let G be a finite group. If X is a finite dimensional metric G-space, with 
= 0, then 1{X) < oo. 

Proof. Since X is finite dimensional, so is X/G. Since G is finite, there is only a finite number 
of orbit types on X. Now, by the Mostow theorem (cf. [21 Theorem 10.1]), there exist a finite 
dimensional orthogonal representation V of G and a G-embedding l : X ^ V of X into V. 
Since X'^ = 0, we have l{X) fl = 0. Consequently, composing l with Pq : V ^ Vf, the 
orthogonal projection of V onto the orthogonal complement of V^, we get an equivariant 
map (j) : X —> \ {0}. Now, composing (p with the retraction Vf \ {0} — )■ S{Vf) we obtain 
a G-equivariant map ^/^ : X — S{V^). Therefore, it follows from the monotonicity property 
of the length index / (cf. [31 Theorem 4.7]) and Proposition 14.41 that 

/(X) < liS{V^)) < oo. 

□ 

Proof, (of Theorem 14.21 a)) Suppose first that G is finite, i.e. k = 0, and G = P is a finite 
p-group and let / : S(y) — j- be a P-equivariant map. Since Zf is closed G-invariant 
subspace of S{V), by continuity property of the length index (cf. [3l 4.7 Continuity]), there 
exists an open P-invariant neighborhood Zf (ZlA such that l{Zf) = 1{U). 

Denote V = ^(V") \ Zf which is a P-invariant open subset of SiV). Note that / : V — )■ 
W \ {0} is an equivariant map, and it follows from the monotonicity property of the index 
that /(V) < l{W\{<d]). Also, by Proposition SSI we have 1{S{V)) = oo, and 1{S{W)) < oo, 
by Proposition 14.41 and the assumption = {0}. 

On the other hand W \ {0} is P-equivariantly homotopy equivalent to S{W) and, conse- 
quently, has the same index. Using the subadditivity property of the index, we get 

oo = 1{S{V)) < 1{U) + /(V) < l{Zf) + 1{S{W)). 

Since l[S[W)) < oo, we conclude that l{Zf) = oo . Note that Zf = 0, because S{V)^ = 0. If 
dim Zf < oo, then l{Zf) < oo by Lemma [4. 5 [ which is a contradiction. Thus, dim Zf = oo. 

Now, assume that G is an extension 1— )>T'^''^G— i>P— i>l, with k > 1. We distinguish 
two cases: 

either dim V'^'^ = oo , or dim V'^'' < oo . 

First suppose that diml^''''* = oo. Note that V'^'' has a natural action of P = G/T^, with 
the fixed point set V*-^ = (V'^ )^ = {0}. Moreover, the restriction f^g^^y^Tk maps S{V)'^ 

P-equivariantly into W'^'' C W. Applying the previous case for G = P, and for the triple 
{V'^ ,W'^ , /|5(y)Tfc) we conclude that 

dim Zf > dim Z^k = oo . 

Now assume that diml^""^* < oo . First observe that V'^'' is a X(T^) invariant subspace of 
V, where N{H) is the normalizer of H in G. But T'^ is a normal subgroup as the component 
of the identity, thus V'^ is a sub-representation of V. Let V = be the orthogonal 
complement of V'^'^ . By our assumption diml^' = oo. 

Following a standard argument also used in [3l Proof of Theorem 3.1a]), we claim that 
for any p-toral group G and for every compact G-space A, with = 0, there exists a 
finite p-group P of G, which acts on A without fixed points: A^ = 0. To see this, observe 



24 



WACLAW MARZANTOWICZ, DENISE DE MATTOS AND EDIVALDO L. DOS SANTOS 



that G can be approximated by finite p-groups. More precisely, for any natural number s 
consider tlie set := {g E G : g^" = e}. If p'^ is a multiple of the order of G/Gq, Gq 
the component of the identity, then P** is a subgroup of G, according to known results (see 
[31 5.4] for references). P'^ is obviously a finite p-group which is an extension of Gq fl by 
G/Go, i.e. has the form 1 ^ P, P" -> P with P, = P" n (Go = T'^)- Moreover, it is clear 
that A^" = 0, if s is big enough, because A is a compact fixed point free G-space, i.e. has 
only a finite number of isotropy orbit types. 

Now, take A = S{W) and P^ as above. Then, / : S{V') W is a P*-equivariant map 
and W^" = {0}. Consider V = {V')^\ If dimV = oo, then dimZ^i^^j.^^ = dim S(y) = oo, 

because f{S(y)^'') C W^" = {0}. Consequently, assume that dimV^ < oo. Once more, V is 
a P*-subrepresentation and we can take the orthogonal complement V" of it in V. By our 
assumption and the choice of V", we have {SiV"))^" = and dimV" = oo. 

In this way, we reduced the assumption to the already studied case of a finite p-group. 
Applying it to / : SiV") — j- W, we have 

dimZf > dimZj|^^^„j = oo, 
which completes the proof of Theorem 14. 2[ 

□ 

Remark 4.6. One can easily note that our proof of Theorem 14.21 a) is more complicated 
than the corresponding Borsuk-Ulam theorem presented in |3j and [3]. It is caused by the 
fact that we need the assumption S^V)^" = 0, which is not necessary in the study of the 
Borsuk-Ulam problem. Indeed, if S^V)^" ^ 0, then there is no P^-map from S{V) into 
S{W), because S{W)^'' = 0. The mentioned assumption is necessary to know that Zj" = 0, 
which is necessary to apply Lemma 14.51 

Remark 4.7. Note that the torus G = is toral, with p = 1. Then, the above argument 
can be applied to any prime p. In this way, we obtain another proof of Theorem 13.131 On 
the other hand, our proof of Theorem 13.131 is completely elementary. Contrary to it, the 
proof of Theorem 14.21 uses Proposition 14. 3[ The latter is the result of [Ij and is based on a 
deep topological result namely the Segal conjecture, proved by G. Carlsson. 

Corollary 4.8. The statement of Theorem \4 ■ S\ holds, if we replace dimZj by dim Zj/G in 
its statement. 

Proof. The statement of corollary follows directly from the main result of [7j, since for a 
compact Lie group G and a metric G-space X, we have dim X — dim X/G < dim G. □ 
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